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We define a natural quantum analogue for the Z algebra, and which we refer to 



qh| as the Zg algebra, by modding out the Heisenberg algebra from the quantum affine 

^ ■ algebra Uq{sl{2)) with level k. We discuss the representation theory of this Zq algebra. 

In particular, we exhibit its reduction to a group algebra, and to a tensor product of a 
group algebra with a quantum Clifford algebra when A; = 1, and k = 2, and thus, we 
recover the explicit constructions of C/q(s/(2))-standard modules as achieved by Frenkel- 
Jing and Bernard, respectively. Moreover, for arbitrary nonzero level k, we show 
that the explicit basis for the simplest ^-generalized Verma module as constructed by 
Lepowsky and prime is also a basis for its corresponding 2^g-module, i.e., it is invariant 
under the g-deformation for generic q. We expect this Zq algebra (associated with 
Uq{sl{2)) at level A;), to play the role of a dynamical symmetry in the off-critical Zf^ 
statistical models. 
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1 Introduction 



One of the major recent developments in the field of integrable models has been the realiza- 
tion by the Kyoto school |l|, 0] of the important role played by non-Abelian and dynamical 
symmetries in the resolution of integrable systems. Prior to this and besides conformal field 
theory, the main approach in the analysis of integrable models has been based on Abelian 
symmetries together with the Bethe ansatz. However, this approach, despite its success of 
being more systematic in handling the spectra of most integrable systems, has its limitations 
as far as concrete computations of physical quantities are concerned such as correlation func- 
tions and form factors. The reason is that the latter quantities are based on scalar products of 
the eigenvectors of the Hamiltonians or transfer matrices of the systems; but the eigenspaces 
in the physically interesting thermodynamic limit are infinite-dimensional, and hence it is 
not easy to define their structures, and much less the scalar products on them. However, 
since some non-Abelian infinite-dimensional algebras have well defined scalar products on 
their infinite-dimensional modules, then if we succeed in establishing that the Hamiltonian 
or the transfer matrix of an integrable system commutes with one of these algebras, we auto- 
matically know, not only its eigenspaces which are the modules of this algebra, but also the 
scalar product on them. We might even describe the local operators, and the creation and 
annihilation operators of the eigenvectors in terms of some operators related to this algebra, 
such as the intertwiners of its modules, and hence we might be able to compute exactly the 
correlation functions and the form factors. In fact, this is precisely the program that has 
been behind the enormous success in the resolution of conformal field theories, and more 
recently in the resolution of the XXZ quantum spin chain model (which is equivalent to the 
6-vertex classical model) in the antiferromagnetic regime by the Kyoto school. We should 
however, mention Ref. where another approach to the calculation of correlation functions 
is developed. 

It is then an interesting program to build as many infinite-dimensional algebras as possi- 
ble, hoping that one of them might turn out to be a non-Abelian or a dynamical symmetry 
of an integrable model, and vice versa. The main point of this paper is precisely to define a 
new infinite-dimensional algebra, which, as explained in the next paragraph, should be the 
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dynamical symmetry of the off-critical Z^. models. 

It is known that the s/(2) affine Lie algebra is a dynamical symmetry in conformal field 
theory (the continuum critical limit of the XXX model) and a non-Abelian symmetry of 
the antiferromagnetic (off-critical) XXX model 0. Moreover, its deformation, the Uq{sl{2)) 
algebra, is also a non-Abelian symmetry of the antiferromagnetic (off critical) XXZ model. 
It is also known that the critical Zk models, such as the Ising model [k = 2) and the 
Potts model {k = 3), have as a dynamical symmetry the parafermionic algebra 0, which 
is ironically related to the Z algebra ||^. The latter algebra, in turn, is obtained from the 
quotient of the s/(2) algebra with level k by its Heisenberg subalgebra. 

From all the above known results, it is therefore natural to consider a similar construction 
for a quantum analogue of the Z algebra, denoted by Zg, from the Uq{sl{2)) algebra, and to 
expect it to play the same role of a dynamical symmetry for the off-critical Zk models. In 
fact, such a program is already and implicitly implemented in the simplest case of the off- 
critical Ising model [k = 2), where the Zg algebra (to be precise the corresponding quantum 
parafermionic algebra) reduces simply to a quantum Clifford algebra [0]. 

This paper is organized as follows: in section 2, we recall basic definitions about the 
Uq{sl{2)) quantum affine algebra, using the formal variable approach. In section 3, we grad- 
ually introduce the Zq algebra by modding out the Heisenberg subalgebra from Uq{sl{2)) 
with level k. We derive two defining relations, called "the quantum generalized commuta- 
tion relations", for this algebra, as well as the relations between its elements and those of 
Uq{sl{2)). In section 4, we discuss the reduction of Zq in the simpler cases k = 1, and k = 2 
to a group algebra C[Q] with Q being the root lattice of the sl{2) Lie algebra [§, and to a 
tensor product of C[Q] with a quantum deformation of a Clifford algebra |P, respectively. 
Then, we provide an explicit construction of the basis of the simplest Zq modules, and hence 
Uq{sl{2)) modules, for arbitrary non-zero level k. These are the so called generalized Verma 
modules [|TU], TT|. We show that the spanning vectors of the basis of a generalized Verma 



module as constructed in the 'classical' Z algebra case in [[1^, [T^, do still form a basis for a 
^q-generalized Verma module. In section 5, we give more quantum generalized commutation 
relations satisfied by polynomials of Zq elements. We think that these relations will even- 
tually be useful in the explicit constructions of all the ^^-modules, and from them all the 
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f/q(s/(2))-modules, and especially the standard ones with arbitrary non-zero level k. Finally, 
Section 6 is devoted to our conclusions. 



2 The Uq{sl{2)) quantum affine algebra 

The Uq{sl{2)) affine algebra is a unital associative algebra with elements {e±a^, kf, q^'^; 
i = 0,1} and defining relations in the homogeneous gradation |TB, 



[ki, kj'\ — 0, kik^ — ki — 1, 
q-dqd _ qdq-d _ 

q'^hq-'^ = ki, q'^e±a,q''^ = g^'^'°e±„,, 

t^i(i±aj'^i — q (i±aij 



(2.1) 



q-q- 



where [x] = {q^ — q~^)/{q — q~^), q = e*/^ is a complex number called a deformation 
parameter, and {ai,i = 0,1} is the set of positive simple roots of sl{2) affine Lie algebra 
with the invariant symmetric bilinear form a^) = (see Section 4). Here Oj^j = 2 
and aj^i_j = —2, i = 0,1 are the elements of the s/(2) affine Cartan matrix. Note that the 
special element 7 = fco^i is in the center of Uq{sl(2)) and acts as on its highest weight 
representations, with k referred to as the level. We also refer to the above set of elements 
generating Uq{sl{2)) as the Chevalley basis. 

The Chevalley basis consists of elements associated with the simple roots only. One 
would like to describe the commutation relations of all basis elements associated with the 
infinite-dimensional set of roots {±a + n6;n G Z} U {n6;n G Z\{0}}, with a = ai and 
6 = ao + ai, and where the Serre relation (i.e., the last relation in {\i.l\j) becomes redundant. 
Drinfeld succeeded in finding such a basis, which we refer as the Drinfeld basis [|l^. It is 



generated by the elements {x^, am, K"^, q'^^,'y'^^^'^;n G Z, m G Z* = Z\{0}} with defining 
relations 

= = 1, b^'^',y]=0, yyeUqism), (2.2) 

KK~^ = K~^K = 1, (2.3) 
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(2.4) 


TL 




(2.5) 


q'q-' = 


q~W^ = 1, Kq^'^R-^ = g^'^, 


(2.6) 




= q x^, 


(2.7) 


q^dnq"" 

\oin-i Xrn\ 


= q'^'an, 

^_/_^TH/2(^2n_^-2n)^^ 


(2.8) 
(2.9) 

(2.10) 




(n-m)/2v]> _ ^(m-n)/2^ 


(2.11) 
(2.12) 



where and are given by the mode expansions of the fields "^{z) and ^{z), which are 
themselves defined by 

n>0 n>0 (-2.13) 

n<0 n<0 

Here z is a formal variable and 

K = mo = %^ = q''\ (2.14) 

where we mean identification by the symbol =. 

The isomorphism p between Uq{sl{2)) in the Chevalley basis and Uq{sl{2)) in the Drinfeld 
basis is given explicitly by 

p: K, 
p ■ e±ai Xq, (2.15) 

P • Cqq ^ Xi K ^ , 
P '■ ^ Kx~!ii. 

For later purposes we will use the formal variable approach |16| (instead of the usual 



operator product expansion method) to re-express the algebra as a quantum current algebra 
with elements {'${z),^{z),x^{z),'y'^^/'^,q^'^}, where [g] 

nez 



and with defining relations 



^1/2 -1/2 _ -1/2 1/2 

7 7 — 7 7 


— -L, [7 ) yj — v(/ t Uqi^iti^zjj, 


(9 ly^i 
{^■li ) 




— n 






= 0, 


(2.19) 


V / V / 


= q(wz~^'y)q(wz~^'y~^)~^^(w)'i!(z), 


(2.20) 


\/C jJL \UU ) 


— yywz 7 j x i^u/jy/i^zj, 


(9 91 


Mr I x;^ J I UJ J 


— yy^w f ) X ywj^y^), 


(2 22) 




5(2;«;"^7~')\l>(w7'/2) - 6{zw''^Y)^{zY^'^) 

~ ^ -1 ' 

q-q 


(2 2"^) 


[z — wq )x [z)x [w) 


= [zq — w)x [w)x (z), 


(2.24) 


q'^x'iz) 


= x\zq-^)q'', 


(2.25) 


q'^^iz) 


= ^{zq-')q', 


(2.26) 


q'^^z) 


= <^{zq~^)q'^. 


(2.27) 



Here e = ±1 and g{z) is meant to be the following formal power series in z: 

g{z) = cnz-, (2.28) 

where the coefficients c„,n G Z+ are determined from the Taylor expansion of the function 

/(O = = E ^nz- (2.29) 

at ^ = 0. Note that for this reason /(^~^) = /(0~^ but g{z-^) ^ g{zy^. In fact, g{z)-^ 
is obtained from f{C)~^ in the same manner as g{z) is obtained from /(^) In the above 
relations we have also introduced the famous 5-function 5{z) which is defined as the formal 
Laurent series 

5{z) = E (2.30) 

and which plays a key role in the formal calculus approach |[T6|. Its main properties are 
summarized by the following relations: 

6iz) = 5(z-i), 

^(^) = i + T^' (2.31) 
G{z,w)6{azw^^) = G{z,az)6{azw^^) = G{a^^w,w)6{azw~^), a G C*, 
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where G{z, w) is any operator with a formal Laurent expansion in z and w given by 



(2.32) 



Note that it is crucial that both 5(2;) and w) have expansions in integral powers of z 
and w, otherwise the above properties of the (5-function will not hold. 

The three relations ( |2.25| ), ( p.26| ) and ( |2.27| ) translate the fact that xj, \E'„ and $„ are 
homogeneous of the same degree n. 



3 The Zq algebra 

It is well known that the Heisenberg subalgebra of s/(2) plays a crucial role in the construction 
of vertex operators and highest weight representations. One would like to extend this role 
to the quantum case. Note that in the sequel, the unit element and q^'^ are meant to be 
in all the (sub) algebras defined below, so we will not consider them unless stated otherwise. 
Let Uq(}i) be the quantum analogue of the enveloping Heisenberg algebra, referred to as 
g-Heisenberg algebra. It is a subalgebra of [/g(sZ(2)) generated by {a^, 7^^/^, n G Z*} with 
relations: 

K,7^^/1 = 0, 7'/%-^/' = = 1, (3.33) 

(g^--g-^")(7"-7-") ... 

\Oln-,OLm\ = dn+m,0 ■ (3.34) 

Let Uq{h'^) and Uq{h~) denote the commutative subalgebras of Uq{h) generated by 7^^^^^; 
n > 0} and n < 0} respectively. By the quantum analogue of Poincare-Birkhoff-Witt 
theorem for Uq{h), we have 

UqCh) = Uq{h+)Uq{h-), (3.35) 

and consequently, the following induced /i-module: 

I{q') = Uqih) C[g^] (3.36) 

is irreducible and isomorphic to Uq{h^) and hence to the symmetric algebra S{h~) [§. In 
this formula, 'C[q^] denotes the field of complex numbers considered as the one-dimensional 
f/g(/i+)-module and on which 7 acts as multiplication by q^ and «„, n > acts trivially. This 
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means that S^h") is a canonical Uq{h)-modu\e on which 7 acts as multiphcation by q'', a{n) 
{n < 0) acts as a creation (multiphcation) operator, and a{n) {n > 0) acts as an (derivation) 



annihilation operator satisfying the relation (|3.34|) . Henceforth, a{n) denotes the generator 



a„ on S{h^). More precisely, the latter actions are given by: 



+ 1 +k 

7 : X — i> q X, 



a{n) : x — > n < 0, (3.37) 

a{n) : x — > [a„,x], n > 0, 

where x is any element in S{h^). Moreover, the action of q^"^ on S{h^) is defined by 

q^'^: x^ q^'^xq^^ (3.38) 

We also denote by '^{n) and <^{n) the generators \E'„ and $„ on S{h~) respectively, that is, 
^(n) and $(n) are related to a{n) in the same way as \E'„ and are related to a„ (see 
(I2I3I ). The action of a(0) and hence the actions of ^(0) = and $(0) = on S{h-) 

will be defined later. 

Now we would like to show that the highest weight modules of the whole quantum affine 
algebra Uq{sl{2)) must be constructed as tensor products of the form S{h^) ® W . Here W 
are certain vector spaces to be defined later and which are trivial as f/g(/;,)-module. La raison 
d'etre of W stems from the fact that S{h^) is only a Ug{h)-modn\e and in general cannot 
be upgraded to a f/q(s/(2))-module, which is especially true here since we are considering 
Uq{sl{2)) in the homogeneous gradation. This is because it is well known that the sl{2)- 
highest weight modules in the homogeneous gradation are constructed as the above tensor 



products with non-trivial W spaces [0, and so we expect this to be also true for the 
f/g(s/(2))-highest weight modules. Therefore, we have to "correct" S{h^) by tensoring it 
with additional new spaces which do not overlap with it, so that the resulting tensor product 
remains as a Ug{h)-modu\e. Of course, this correction will be performed by considering a 
minimum number of extra spaces. 

It is well known in the case of affine algebras that these constructions can be achieved 
by means of vertex operators. The most famous vertex construction of the quantum affine 
algebras is the Frenkel-Jing one, which is however valid only for the simply laced algebras 
and with the central element 7 acting as q (i.e., = 1) on their highest weight modules 



p. In this case, which will be recovered explicitly later for Uq{sl{2)) when we set = 1 
in our general construction, it turns out that the required minimal correction consists in 
tensoring the symmetric algebra with a group algebra associated with the root lattice of the 
Lie algebra corresponding to the quantum affine algebra in question. However, if > 1 the 
latter correction is not sufficient in the sense that it requires extra spaces. For example, if 
k = 2 one needs to consider, in addition to the group and symmetric algebras, an exterior 
(Clifford) algebra. Such a construction has been achieved in the case of Uq{so{2n + 1)) with 
level 1 by Bernard 0. For A; > 2 it was shown in [|T^ that one needs to introduce besides 
the group and symmetric algebras, a certain quantum parafermionic algebra (though the 
representation theory was not discussed there). In fact, when > 2 we find it easier for our 
purposes here to discuss the representation theory of the whole Zg algebra rather than its 
decomposition as a tensor product of a group algebra and a parafermionic algebra. 

Although we are concerned with Uq{sl{2)) for k > 1, the form of the vertex operators 
used by Frenkel and Jing for k = 1 led us to introduce the following vertex operators 

5f(z) = exp{±6t5:^^^i±^g— ^/^z^n, e = ±, (3.39) 

n>0 •? 9 

which are viewed as formal Laurent series in z with coefficients acting on S{h^). Strictly 
speaking, when k = 1 the above vertex operators reduce to the inverse operators of those 
considered by Frenkel and Jing. Using ( p.34|) and the usual formal rule 



e^e^ = e^e^el^'^] if [A, [A, B]] = [B, [A, B]] = 0, (3.40) 



for some operators A and B, we find 



/qk-2-{e+e')k/2^^-l. ^2fc\ee' 



St{z)S${w) = S^{w)St{z), 
where as usual (x; y)oo means 



(X 



;2/)oo= n(i-^2/")- (3-42) 



n=0 



Each factor {1—wz ^q^) ^ in (|3.41|) is understood as the formal power series X]ra>o '^^^ 



Moreover, using ( p. 341 ) and the formal rule 

[Ae^] = [A5]e^, if [5,[A,i?]] = 0, (3.43) 



for some operators A and B, we obtain 

Hn),St{z)] = 0, 

|a(-n),S,-(z)| = 0, 

Hn),s-i^)] = --^ -^^ — '-^s:{zi 

where > and e = ±. For future purposes let us note here that one can easily show that 
the commutation relations (|2.21| ) and ( |2.22|) are equivalent to 

p„—e\n\k/2^n(J2n „—2n\ 

[an,x\z)] = ^ ^ ^-^x\z), e = ±; n G Z\{0}. (3.45) 

Let us now define the main new objects of this paper, which we refer to as the "-Zg operators 
2^^," as the Laurent modes in 

Z\z) = Y: Zn^-\ (3.46) 

where 

Z'{z) = S;{z)x'{z)St{z). (3.47) 

These operators are the quantum analogues of the (classical, q = 1) Z-operators that 
have been extensively studied in the literature (see for example Reference fl^). By abuse 
of terminology, we refer also to the "currents Z'^{zy^ as Zq operators, but strictly speaking 
they are the generating functions of the latter operators. Let us stress here that z is a 
formal variable, Z is the set of integer numbers, whereas Z^ are operators so there should 
not be any confusion with these notations. Let us also denote by Zg the algebra generated 
by {"^0,^0, Z^]n G Z}. The defining relations of this algebra, which we refer to as "the 
quantum generalized commutation relations" will be given shortly below. 

The space W on which this algebra acts non-trivially is the necessary space to be tensored 
with S{h~) such that S{h^) is a [/g(s/(2))-module. Therefore W will be defined if we 
know all the properties of the Zq operators, that is, their relations with Uq{sl{2)) itself and 
their algebra (i.e., quantum generalized commutation relations). 

For this purpose, let Z{e\n) and X{e\n) represent the actions of Z^ and a;^ on W and 
S{h^) W respectively. By definition, the relation between the latter operators is given 
through their generating functions by ( p.47| ). Next, it can easily be checked that the relations 
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( |3.44| ) and ( |3.45| ) imply that the operators commute with the quantum Heisenberg algebra 
UqQi), i.e., 

\a{n),Z{e\z)\ = 0, n G Z\{0}, 
[7±i/2,Z(e|^)] = 0, 6 = ±. 
This is a very important result, which is in fact the main motivation behind the particular 
choice for the forms of Sl,{z) as given by ( ^.391 ). This is because the symmetric algebra 



S{h ) realizes already the quantum Heisenberg subalgebra Uq{h) and since the Zq operators 
commute with Uq{h), we can define then the actions of U (h) and Zg as follows on S{h~)<^W: 

X : u ® V xu ® V, 

(3.49) 

y : u®v ^ u® yv, 

where x & Uq{h), y & Zq, u G S{h~), and v G W. From the Laurent expansion in zw~^ of 
both sides of (|2.21| ) and (|2.22|) , we obtain the relations 



^{0)X{e\w) = q^'X{e\w)^{0), 
^0)X{e\w) = q-^'X{e\w)^{0), 

which, because of the relation fE.SI), amount to 



(3.50) 



^{0)Z{e\w) = q'^'Z{e\w)^{0), 
^{0)Z{e\w) = q-^'Z{e\w)^{0). 

Combining these relations with ( |3.48| ) and 

^{z) = ^oSt{zq-^'''^^)Sl,{zq^'''/^), e = ±, 
$(z) = <l'oS7(;2g3.fc/2)^-^^^^-3.fc/2)^ ^^^^ 

we arrive finally at 



(3.51) 



(3.52) 



(3.53) 



^{n)Z{e\w) = q^'Z{e\w)'^{n), n > 0, 
^{n)Z{e\w) = q-^'Z{e\w)^{n), n<0. 

In the sequel, however, we will only consider the relations ( p. 48]) and (|3.51|) but not (|3.53|) 
since the latter is an immediate consequence of the former and (|3.52|) . 
Clearly, the action of the generating functions 

X{e\z) = J2X{e\n)z-" (3.54) 



nG2 
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on S{h^) <S)W^ C[z, z ^] decomposes then as 



X{t\z) = SZM )S1M ) ® Z{e\z), e = ±, 



(3.55) 



where we have used 



{Sf{z))-' = S%{zq^^% e = ±, 



(3.56) 



and ( p.44| ) to express X^{z) in terms of Z{e\z). We now define the actions of q^*^ and 7''^"'^ 
on S{h-) (g) as 



(3.57) 



where u E S{h ) and v G W. The relation between Z(e\z) and g^'', which reads as 



q'^Zielz) = Z{e\zq-^)q'' 



(3.58) 



can easily be derived from ( p.25|) and 



q'S:,{z)=S:,{zq-')q'', 



(3.59) 



which, in turn, can be obtained from ( p.40|) . Relation (|3.58|) means that the Zq algebra is 
graded (it inherits the gradation of Ug{sl{2))) and that the Zg operators Z{e\n) are homo- 
geneous of degree n. 

Let us now turn to the derivation of the defining relations (besides ( p. 14 ) and (|3.51|) ) of 
the Zq algebra, that is, the quantum generalized commutation relations. They simply follow 
from the substitution of X{e\z) as given by ( ^.55| ) in ( |2.23| ) and ( p.24| ). We find 



'-Z(e\z)Z(—e\w) 



{q^+'^zw ^■,q^^) 



[q^ "^wz ^]q^'^)oo {q'' '^zw ^]q^^)c 

- ^ -{^^Q5{zw-^q-'^)-%5{zw-^q''') 



-Z(—e\w)Z(e\z) 



q-q 
1 

q-q 



{z — q^^w 



^—r {q"'^^^5{zw-\-'') - g-^"W5( 

n \ 



zw^'q''), , 



(3.60) 



keyj^ 1. g2fc-)^ 



Z(e\z)Z(e\w) 



, 2e ^(g^^^^f«^^g2% WM ^ 



(3.61) 



12 



In summary, in addition to the latter quantum generalized commutation relations, the 
fields Z[e\z) must satisfy the following relations with the elements of Uq{sl{2)) when they 



act on the W part of the tensor product S{h^) ® W: 

[a{n),Z{e\z)] = 0, n G Z\{0}, (3.62) 

^{0)Z{e\z) = q^'Z{e\z)^{0), (3.63) 

$(0)Z(e|;z) = q''^'Z{e\z)^{0), (3.64) 

X{e\z) = SzAzq'''')Sleizq''')(^Z{e\z), (3.65) 

q'^Zielz) = Z{e\zq-^)q\ (3.66) 

[7±,Z(e|^)] = 0. (3.67) 



All these relations will be useful in the explicit construction of the space W from the operators 
Z{e\n). This is illustrated in the next section. 

4 Explicit constructions of some ?7g(s/(2))-modules 

Let us briefiy recall the definition of some t/g(s/(2))-modules ^ 0. For this, we still 
need some notions from sl{2) affine algebra, which is generated by {e,, /j, hi, rf; i = 0, 1}. We 
define on its Cartan subalgebra h = C/iq + Chi + Cd an invariant symmetric bilinear form 

( , )by 

{hi, hj) = aij, {hi, d) = Si^, {d, d) = 0, (4.68) 

where 

ai^i = 2, ai,i_, = -2, 2 = 0,1, (4.69) 

are the elements of the sl{2) Cartan matrix. Let h* = CAq + CAi + C6 = Cao + Cai + CAq 
be the dual space to h with 

< Ai, hj >= 6ij, < 6,d >= 1, < Ai, d >= 0, < 5, hi >= 0, (4.70) 

where 

< , >: h*®h^C. (4.71) 
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is the natural pairing, the vectors Aj are the fundamental weights, the vectors are the 
positive roots and S = ao + ai is the null root. One can induce a symmetric bilinear form 
( , ) on /i* by 

{f{x)J{y)) = ix,y), f{x)J{y)eh* x,yeh. (4.72) 

Here for a given x E h, f{x) is defined to be the unique vector in h* such that 

< f{x),y>={x,y), yyeh. (4.73) 

This relation allows the identification of any element in h with a unique element in h*. In 
particular, the elements hi and d of the Cartan subalgebra are identified with aj and Aq 
respectively. Note that this identification should note be confused with the identification 
hi = a(0), which is the classical analogue of the identification that we have made implicitly 
in K = q^^ = g°i(°) = q"'^^^ in the case of Uq{sl{2)) (see (|2.14 ). To see the relation between 



the two identifications, let vx be a weight vector of h with weight A then 

hiVx =< A, hi > Vx =< A, a{0) > vx = (A, ai)vx = (A, a)vx- (4.74) 

More explicitly the symmetric bilinear form on h* is given by 
(A„ A,) = (A„ 6) = 1, (5, 6) = 0, 

{ai,aj) = aij, (a^, Aq) = 5i,o, (Ao,Ao) = 0, i,j = 0,1. 

The weights X E h* such that 

A = raoAo + niAi, no,niGN, (4.76) 

are called dominant integral weights, and uq + rii = k is the level that we have introduced 
previously. 

As defined in Section 2, the algebra f/g(sZ(2)) is generated by {cj, /«, i^'^"'^, 7^^, g^'^; 
i = 0, 1}. Let V he a. f/g(s/(2))-module and fi E h, the subspace <ZV defined by 

V^ = {v eV/K^\ = q^<^'^^'>v, j^'v = q^''v, q^'^v = q^<^'''^>v}, (4.77) 

is called a /i-weight space, and any t; G is referred to as a /^-weight vector. The module 
V becomes a weight module if it is the direct sum of its weight spaces. A ?7g(sZ(2))-highest 
weight vector vx in 1^ is a A-weight vector which satisfies the additional condition 

dvx = 0, t = 0,l. (4.78) 
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The space V is called a [/g(s/(2))-highest weight module if it generated from a A-highest 
weight vector vx- In this case, V is also a Uq{sl{2)) weight module and vx is unique (up to a 
multiplication by a scalar), and hence we label V by the weight A as V{X). The Uq{sl{2))- 
module ^(A) is called standard if it is generated from a highest weight vector v\ with a 
dominant integral weight A and such that 

= 0, 2 = 0,1; (4.79) 

in which case it is irreducible, and thus called also an irreducible highest weight module. Let 
Uq{sl{2)) be a subalgebra of Uq{sl{2)) generated by {ei, fi, K^^} and let M = Cvq be the 
trivial one-dimensional [/g(s/(2))-weight module. We also introduce Uq{sl{2))>Q, f/g(s/(2))>o 
and ?7g(s/(2))<o as three subalgebras of Uq{sl{2)) generated by all elements with nonneg- 
ative, positive and negative degrees with respect to q'^, respectively. We equip M with a 
f/q(sZ(2))>o-module structure by 

q^'^vo = q^'^vo, a G C, 

j±^Vo = q^^, (4.80) 
xvo = 0, Vx G t/g(s/(2))>o. 

Here a is scalar, which can be set to 0, without loss of generality. From M, we induce the 
following [/q(s/(2))-module: 

G{M) = Uq{sm M, (4.81) 

which is called a generalized Verma module |l^, 0. In fact, since M is a one-dimensional 
f/q(s/(2))-module, G(M) is the simplest example of a f/q(s/(2))-generalized Verma module. 
Slightly more complicated example of generalized Verma modules can be constructed from 
higher dimensional M modules. We define the module W{M) through the following isomor- 
phism of ?7g(sZ(2))-modules: 

G{M) ~ Uq{sV^))<o ®c M ~ S{h-) ®c W{M). (4.82) 

Both modules G(M) and W{M) are g'^-weight modules with weight space decompositions: 

G(M) = ©„<oG(M)„, ^^^^^ 
W{M) = ©„<oiy(M)„. 
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Prom the work of Lusztig [|T9] , we know that for generic q the dimensions of weight spaces 
of [/g(s/(2))-modules are the same as those of the weight spaces of the s/(2)-modules. The 
characters x{G{M)) and x{W{^)) of G{M) and W{M) have been computed in the s/(2) 
case in [0, |^ and are given by: 

X(G(M)) = Y.d^m{G{M)^)p-= ]_ 

n>0 lln>0l-L P ) g^^| 

X{W{M)) = Y.dtm{W{MU)p- = —-^--—^, 

n>0 lln>0{^ - P ) 

where p G C* is a formal variable. The second character will allow us to prove the linear 
independence of a particular set of vectors constructed from the Zg operators Z{e\n) and 
which span W{M). This means that the latter set of vectors is a basis for W{M). 

Let us now address the explicit constructions of the standard modules in the cases k = 1 
and k = 2. As explained previously, we should address only the explicit constructions of the 
space W in terms of the Zg operators since the S{h^) part is already constructed in terms 
of polynomials of a{n). Consequently, in the sequel we will mainly concentrate on the W 
part of the f/g(s/(2))-modules. 

Case I: k = 1 

In this case, the relations ( p.61| )- (|3.67| ) satisfied by the Zg operators Z{e\z) simplify 
significantly and reduce to the following relations: 

Z{e\z)Z{—e\w) Z{—e\w)Z{e\z) 
(1 — q^^wz^^){l — qwz^^) (1 — q^^zw^^){l — qzw^^) 

.-l„-<:\ ^ XI -1„<:\ 



['^q5{zw q ') - ^Mzw q" 

q — q ^ ^ 



= ^ fg^"(°)5(zu7-^g-^) - q-''''^°^6{zw~\)) , (4.85) 

w^Z{e\z)Z{e\w) = z'^Z{e\w)Z{e\z), (4.86) 

[a{n),Z{e\z)]=0, neZ\{0}, (4.87) 

^{0)Z{e\z) =q^'Z{e\z)'^{0), (4.88) 

^0)Z{e\z) = q-'^'Z{e\z)^{0), (4.89) 

X{e\z) = SZ,{zq-'^)St,{zq''') Z{e\z), (4.90) 

q'^Z{e\z) = Z{e\zq-^)q'^, (4.91) 
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[7^,Z(e|^)] =0. (4.92) 

We now construct the appropriate space W that is compatible with the above relations. 
We start with ( |4.88| ) and ( [4.89| ). These relations imply that Z{e\z) cannot be trivial, i.e., 



it does not act like a scalar which can be rescaled to 1 on W, and hence W cannot be a 
trivial one-dimensional space. If the latter statement were not true, the relations (|3.50|) 
would mean that X{e\z) acts trivially also on S{h~) because of the fact that both \l/o and 
$0 do act like the identity on S{h^). But if X(e|z) acts trivially on S{h~), the relation 
2.23| ) implies that "^{z) and ^{z) also act trivially on S{h^), which is impossible from the 



definition itself of S{h^). Therefore Z(e\z) cannot act like the identity on W. To make it act 
nontrivially and consistently with \l/o and $0^ let us write the positive simple root ai = a and 
introduce the sl{2) root lattice Q = Za and the weight lattice P = Za/2, which decomposes 
as P = Q U {Q + a/2). Denote by C[P] the group algebra with the basis {e^,/3 G P} and 
the commutative multiplication 

e/^e'^ = e^e^ = 6^^+^, /3, 7 G [P]. (4.93) 

Obviously, we have C[Q] C C[P]. We define the action of a(0) G End{C[P]) on C[P] by 

a(0) : ^ {a,(3)e'^. (4.94) 

This implies that the formal Laurent series z"^'^^ G End{C[Q] [z,z~^]) acts on C[P] as 

^-(0) . ^ (4,95) 

It can easily be checked that the latter two relations are equivalent to 

respectively. We define also the action of q'^ on C[P] (i.e., C[P] is a graded space) by 

qd: _ e-i/2(/3,/3)e/5, /5 G C[P], (4.97) 

that is, 

q'^e" = ePqdq-m-{m/\ (4.93) 
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From the relations ( [4.88D , ( |4.89| ) and ( [4.96| ) we see that as a candidate for Z{e\z) we can 



take 



Z(t\z) 



(4.99) 



where a is the sl{2) positive simple root. However, according to the relation (|4.91|) this 
candidate does not have the right degree since it does not depend on the formal variable z. 
This is corrected by taking instead the following candidate for Z{e\z): 



Z(e\z) = e^°z^°(o)+5("'") = e^°2^"(o)+i ^ ^ ^_ 



(4.100) 



With this choice, it can easily be verified that all the remaining relations are satisfied. The 
less trivial one is ( [4.85| ), which can be shown as follows: 

1 



Z{e\z)Z{—e\w) 



z^w ^ 



{1 — q^^wz^^)(l — qwz^^) {1 — q^^ zw'^){l — qzw ^) 



qzw 



-1 



—5{zw ^q) 



Z{e\z)Z{-e\w) —^(^'^ 1 , i 

Y 1 — qwz ^ 1 — qzw 

qZ{e\z)Z{—e\zq~^)6{zw''^q^^) — q^^Z{e\z)Z{—e\zq)6{zw~^q) 



(4.101) 



q-q 



-1 



1_ (^q'^(o)S(zw-^q-^) - g-^"(°)5(2w;-^g)) 



q-q- 

where we have used (^4.96|), (|2.31|), and 



Z(e\z)Z(—e\w) 



[zw 



-lYa{0)-l 



(4.102) 



As a conclusion, X{e\z) acts on S{h-) O C[P] as Sz^izq-^)S+^{zq^) e^"z^°(o)+i jg 
single-valued. Moreover, the subspaces S{h^) ^C[Q] and S{h^) Cg)etC[(5] whose direct sum 
is S{h~) ® C[P] are invariant and irreducible. They are in fact isomorphic to the standard 
(basic) modules V{Ao) and V{Ai) with highest weight vectors reahzed as 1 ® 1 and 1 ® e^, 
respectively. 



Case II: k = 2 

In this case, the relations (|3.61|) - (|3.67|) satisfied by the Zg operators reduce to 
Z(e\z)Z(—e\w) Z(—e\w)Z(e\z) e 



1 — wz ^ 
1 

q-q 



1 — zw 



-1 



q-q- 



— NJoS{zw~^q~^^) - ^oS{zw~^q 



(4.103) 



{z - wq^'){l - wz~^q-^')Z{e\z)Z{e\w) = {zq^' - w){l - zw~\-^')Z{e\w)Z{e\z), 

(4.104) 

[a{n),Z{e\z)]=0, neZ\{0}, 
^{0)Z{e\z) = q^'Z{e\z)^{0), 
^{0)Z{e\z) = q''^'Z{e\z)(!>{0), 
X,{z) = SzA^q-^nSlWn ® 



q'Zie\z) = Z{t\zq'^)q', 
[7^,Z(e|^)]=0. 



4.105) 
4.106) 
4.107) 
4.108) 
4.109) 
4.110) 



As in the case = 1, in order to satisfy the relations (|4.106 ) and ( [4.1071 ) we need to 



consider the group algebras C[P] and C[(5]. The operators a(0) and z°'^^'^ act on them in the 
same manner as in the case k = 1 but now q'^ acts on them slightly differently. Its action is 
rescaled by a factor 2(= k) as: 

qd, _ e-i/4(/3,/3)g/3^ /3 G C[P], (4.111) 

which is equivalent to 

= eVg-"^-^^'^^/', PeC[P]. (4.112) 

The candidate for Z{e\z) that is compatible with this action of q'^, and the relations ( |4.106|) 
and ([l.lOTp is given by 



a(0) , 1 f ■. 0,(0) , 1 

Z{e\z) = e^°2^^+4(".") = e'^z'^-^^, e = ±. (4.113) 



It is also trivial that this candidate satisfies both relations ( [4.105|) and ( [4.110| ). However, it 



can easily be checked that the remaining relations ( [4.103| ) and ( [4.104| ) are not satisfied with 



this candidate. This means that the group algebra C[P] is not big enough and therefore we 
must enlarge it with at least an extra algebra, which will turn out to be the Clifford algebra. 
To see this, let ip{€\z) be a generating function of the elements of yet an unknown quantum 
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deformation of the Clifford algebra such that 



a{n),tp{e\z)] 


= 0, 


[^o,^(ek)] 


= 0, 


[*o,^(ek)] 


= 0, 


q'^ilj{e\z) 


= ^( 




= ^{ 



(4.114) 



These equations guarantee that the following candidate for 2{e\z) still preserves all the 
relations that are already satisfied by our first candidate ( [4.113| ): 



Z(e\z) = e'"^'— +4 



e"'z'—-^^ip{e\z), e = ±. 



(4.115) 



In terms of these fields ip{e\z), the remaining two relations which must also be satisfied take 
the following form after using ( [4.96|) : 



^ (g^"(°)5(;2M;-^g-2) - q-'''^'^^6{zw-\^)) , 

■ip{e\z)ip{—e\w) zw~^ip{—e\w)ip{e\z) 



q-q 

= (2w;-i)-5(^u'-i)f"(o) 



1 — wz ^ 
|a(0){^(ek)>^(-ek)} 



1 — zw~ 



1 — wz ^ 

z{z — wg^^)(l — w z^-^ q^'^'')'ip(e\z)^{e\w) = w{z(f^ — w){\ — zw~^q~'^'')il){e\w)il){e\z)^ 

(4.117) 



(4.116) 



where {A, B} = AB + BA is the anticommutator of A and B. Clearly, ( |4.116| ) is satisfied if 
the following conditions on il){e\z) hold: 



{il){e\z),i){-e\w)} = 6{zw'^q'^) + 6{zw-^q^), if z^ e End{e^C[Q] C[z, z'^]) 



(4.118) 



{^(e|z),^(-e|w)} = {zw-^)^q-^5{zw-^q~^) + q5{zw-^q^)), if z^ e End{C[Q]) C[z, z'^]. 

(4.119) 

Since the right hand sides of these equations do not depend on e we might try to identify 
iIj{+\z) and iIj{—\z). Relation ( [4.118|) means that ip{z) = ipi^l^) has the Laurent expansion 



^(^) = 5:v^„z-^ e = ±. 



(4.120) 
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Substituting this expansion back in (|4.118|) and comparing the coefficients of powers of zw ^, 



we obtain the following anticommutation relations for the modes ipn'- 

{^n, M = (g'" + g-'")5n+r„,o, if z"-^ G En(i(etC[Q] ® C[z, z-^]). (4.121) 

This is the usual Rammond (R) sector for the modes ipni^ G Z. Similarly ( |4.119| ) enforces 
the following expansion: 

^(z)= i^rz-'', e = ±. (4.122) 

As in the (R) sector, relation ( [4.119| ) leads to the following anticommutation relations for 
the modes ipr- 

{V'r, ^s} = (g'" + q'^'')5r+s,o. if G End{C[Q] ® C[z, z'^]). (4.123) 

This is the familiar Neuveu-Schwarz (NS) sector for the modes ipr- Note that both relations 
(|4JT8|) and ( pTOD imply that 

i^{z)i^{z) = Siq'), (4.124) 

which means that unlike in the classical case, the divergence in the product ?/'(z)?/'(z) at the 
same "point" z is regularized by the deformation parameter, which therefore can be thought 
of gularization parameter as well. However, this does not mean that the product 

%l){z)il){w) is divergence-free at arbitrary points z and w. In fact, according to ([4.118 ) and 



(|4.119|) , it is divergent at z = wq'^'^, and therefore we still need to regularize it by extra 
means, other than the parameter q, to make its action well defined on its modules. This 
regularization can be achieved through the normal ordering. As usual, a product of operators 
V'n (V'r) with n G Z (r G Z + 1/2) is normal ordered if all ipn (V'r) with n<0(r<— 1/2) are 
moved to the left of all ipn (V^r) with n > (r > 1/2), and in the (R) sector ipQ is normal 
ordered in such a way that the normal ordered product iI!{z)iIj{z) is null, that is, ip^ = 0. 
Note that the same reasoning about the notion of normal ordering must also be applied 
to products of the operators a{n) and a with n E 1^ and a G C[P] to make the action of 
products of X{e\z) free of divergence. In this case the normal ordering consists in moving 
all a{n) with n < to the left of all a{n) with n > 0, and a to the left of a(0). Therefore, 
products of a{n) with n G Z* in X(e|2;) as defined by ( p.55|) are already normal ordered, and 
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hence the action of X{e\z) on the symmetric algebra S{h^) is well defined by construction. 
The remaining relation (f4.117|) is equivalent to 



{V'n+2,V'm} = + g ^){V'n+l,^m+l}, m G Z, (4 125) 

and can easily be verified using ( |4.121| ) and ( [4.123| ). The Clifford algebra with the anticom- 
mutaion relations ([4.121|) and ([4.123|) first appeared in the work of Bernard on the explicit 
construction of Uq{so{2n + l))-standard modules with level A; = 1 0. Then, it was used in 



18| , pOf for the calculation of the A^-point correlation functions for the spin-1 XXZ model. 

Let (T^^), Tg^g^ {Teven)i "^odd i^^odd) be the Fock space spanned by the modes {^Z^^, n < 
0} {{ipn r < 0}), a subspace of (T^"^) spanned by an even number of modes ipn ii^r), and 
a subspace of (T^"^) spanned by an odd number of modes ipn (^r) respectively. Note 
that in the (R) sector the zero mode ipQ acts trivially on T^, and so to make its action 
non-trivial we extend the Fock space by C^, with basis = ^^^,t'_= ^°^} such 

that ipni^ 7^ 0) and i/jq act as tpn® ^ and 1 (g) ^ ° o ) '^'^ "^^ ® respectively. Putting all 
the pieces together, we conclude that X{e\z) acts as 

X{e\z) = SZ,{zq-^')S+^{zq^') ® tpiz) (g) e'''z'^+^ (4.126) 

on the space S{h~) (T^ (g) C^) ® e^C[(5] in the (R) sector, and on the space S{h~) Cg) 
{T^^)^C[Q] in the (NS) sector. Moreover, the ?7g(sl(2))-standard modules \^(2Ao), V{2Ai) 
and V{Aq + Ai) are isomorphic to the following subspaces of the latter spaces 

V{2Ao) ~ 5(/i-)®Ti^i®C[2g]©5(/i-)®Ti^|®e"C[2Q], 

\/(2Ai) ~ 5(/i-)®Ti:i®e"C[2g]©5(/^-)®Tj^|®q2g], 

^Ao + Ai) ~ Sih-)0iT^tn®v+®T^%0v^)0e^C[2Q] 

(BS{h-) ® (T„^, ^v+(B T,tn ® ® e^C[2Q], 

and their respective highest weight vectors are given by: 

V2Ao = 1 ® 1 ® 1, 

W2Ai = l®l®e°, (4.128) 
f Ao+Ai = 1 ® 1 © f + ® . 



(4.127) 
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Case III: G{M) with arbitrary nonzero k: 

In this case, we will not split the Zg algebra into a tensor product of a group algebra 
and a new algebra, which is parafermionic in nature and has been partially described in |T7 



We will rather construct the W{M) module in terms of the Zq operators themselves. This 
will be sufficient to find an explicit realization of the f/g(s/(2))-generalized Verma module 
G{M) = S{h^) (g) W{M) since the S{h~) is already constructed in terms of symmetric 
polynomials of a{n). To this end, we first define 

Z{e,e\z,w) = f{e,e\wz-^)Z{e\z)Z{e'\w), (4.129) 
Next, following some ideas in in the case of sl{2) algebra, and which have been well 



summarized in in the case of the elliptic algebra, we introduce the following formal 



Laurent and power series: 



Z{e,e'\z,w) = J2 ^(e,e'|nl,n2)^-"^w-"^ (4.131) 

ni ,n2GZ 

Z{e\z) = ^Z(e|n)z-", (4.132) 

= — ^7;^ = E (4-133) 



Relation (|4l30|) and ( ^1331) imply that 



En>Oan''«m-n = 5m,0, m > 0, (4.134) 

a^'"' = d^/' = 0, n<Q. 

Substituting the above expansions back in ( |4.129|) , and comparing the coefficients of the 
powers of wz~^, we obtain: 



Z{e\ni)Z{e'\n2) = J] S^'^'Z(e, e'lm - n, + n), (4.135) 

n>0 

Z{e,e'\ni,n2) = ^ <'''Z(e|ni - n)Z(e'|n2 + ri). (4.136) 



n>0 
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Furthermore, substituting the latter expansions in the quantum generahzed relations ( |3.61 
and (|3.61|) and using (|4.136|) , we arrive at 



Z{e,-e\ni,n2) = Z{-e,e\n2,ni) + Y{e\ni)6n^+n2,o, 



(4.137) 



Z(e, e|ni, 71,2) = q "2(6, e\ni - 1, 71,2 + 1) + g ^Z{e, e\n2, rii) - Z{e, e\n2 + 1, ni - 1 



(4.138) 



respectively, and where 



Y(e\n) 



q-q 



fcn+ea(0) ^— fcn~eQ!(0) j 



(4.139) 



Relations ( P^ and (|4l38| ) are useful in the normal ordering of products of Zq operators by 
moving any operator Z{e\ni) with ni > n2 to the right of Z{e'\n2), and the operator Z{+\n) 
to the right of Z{~\n). To see this let us examine the normal ordering of Z{e\ni)Z{e'\n2) in 
the following three nontrivial cases: 
A. rii > n2, e = — e': 

Using relations ( [4.135 ) and ( |4.137| ), we obtain 



Z{e\ni)Z{-e\n2) = ^ap^ ^Z{e, -e\ni - n,n2 



n] 



^ a^' ^Z{-e,e\n2 + n,ni - n) 



n>0 



0<n<- 



+ 5Z a'^''Z{t,-t\ni-n,n2 + n) + ^ a^"'r(e|ni)5„^+„2,o, 

(4.140) 



-<n 



where x is equal to or 1 depending on whether ni — n2 is even or odd respectively. It is 
therefore clear from the latter relation and ( [4.136| ) that the product Z{e\ni)Z{—t\n2) with 
rii > n2 can be normal ordered. 
B. Ill = n2, e = -e' = +: 
Like the previous case, we have 

Z{+\ni)Z{-\ni) = J2n>o5'n''2:{+,-\ni-n,ni + n), 

= Z{-, +\ni, rii) + F(+|0)(5„i,o + E„>o e\ni -n,ni + n). 

(4.141) 

The same argument as in case A holds, and hence the product Z{+\ni)Z{—\ni) can be 
normal ordered as well. 
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C. Ill > n2, e = e': 

This case is less straightforward. First, relation ( [4.135|) implies that 

Z{e\ni)Z{e\n2) = ^ a'/Z{e, ejm - n, ns + n), (4.142) 

n>0 



which according to ( |4.136D means that the product Z{e\ni)Z{e\n2) can be normal ordered if 



we can normal order also any operator Z{e,e\ni,n2) with rii > n2 by writing it as a linear 
combination of operators Z{e,e\mi,m2) with mi < m2- Relation ( |4.138| ) allows indeed this 
second type of normal ordering. The reason is that repeated use of this relation leads to 

Z{e, e\ni + 2p, rii) = q^'Z{e, e|ni, rii + 2p) + g2(p-i)e(^g2e _ i-)2{e, e\ni + p, rii + p) 

+ En=l g2(n-i).(g4. _ ^^^^^^ +n,ni + 2p-n), p > 0, 
Z{e,e\ni + 2p+l,ni) = q'^^Z{e, e\ni,ni + 2p + 1) 

+ En=i _ i^z{e, e\ni + n, ni + 2p + 1 - n), p > 0, 

(4.143) 

where all the operators Z{e,e\mi,m2) in the right hand sides of the above equations have 
mi < 1712. Consequently, the product Z{e\ni)Z{e\n2) with ni > n2 can also be normal 
ordered. 

Since X(e|2) acts as Sz^{zq-'^')St,izq'^') ^ Z{e\z) on S{h^) (g)W{M) ®C[z, z'^] it is clear 
that W{M) is spanned by the vectors in the set 

{Z{ei\ni)...Z{e,\n,)vo, = ±, < 0, i = l,...,s; s>0}. (4.144) 

The condition rij < guarantees that the above vectors have negative degrees as they should 
(otherwise they are null) since S{h^) W{M) is a graded f/q(sl(2))-highest weight module. 
Because of the normal ordering of the Z{e\n) operators discussed above, the above spanning 
set for W{G) can be reduced further to the smaller set 

H = {Z{ei\ni) . . . Z{es\ns)vo, = ±, rii < rii+i, . 

(4.145) 

Ci < Cj+i if nj=ni+i, 2 = l,...,s; s > 0}, 

where the order — < + is meant. It can easily be seen that the set H is a. basis for W{M) 
since its character coincides with the one of W{G) as given by (|4.84| ). Therefore, we have an 
explicit construction of the f/q(s/(2))-generalized Verma module G{M) with nonzero level k. 
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5 Relations in the Zg enveloping algebra 



In this section, we extend the quantum generahzed commutation relations (|3.61|) and (|3.61 



to relations satisfied by arbitrary polynomials of Z{e\z). For this purpose let us consider the 
following operators: 

2:(ei, . . . ,e,|zi, . . . = S^^{z^ . . . S;'^{zs)x,^{zi) . . . x,Xzs)S^^{zi) . . .S'+(z,), s > 0, 

(5.146) 

which are a generalization of ( |3.47D . They are expressed in terms of the operators Z{e\z) 



introduced in ( p.47| ) as: 

Z{ei,...,es\zi,...,Zs) = JJ ^^_(^^+^.)fc/2+fc+2^^.^]ri- ^2fc)^^i ^(^i I ^1)^(^2 ^2) • • • 2{es\z. 



(5.147) 

^.-(.,+e,)A:/2+A:+2^..-1..2fcV,e,^^^l|^l)^^^2, • • • es|^2, ...,Zs). 
2<i<s W -^^^l ' y /oo 

(5.148) 



The above relations can easily be derived from 



( -(t+t')k/2+k+2 -1. 2fc\ee' 

sti^i)xA^2) = ;^_,,,),/,,._,^;^;-i:^,.;p ^e^(^2)^.n.i), (5.149) 



(„~(€+t')k/2+k~2 -1. 2fc\«' 

s7i^^)xA^2) = |^_,,.)./2...2,;,;-i:^2.;g -^-'(^2)^r(.i). (5.150) 



Relations (|3.48| ) and ( ^.14?| ) imply that the operators Z{ei, . . . , e^l^;!, . . . ,Zs) commute also 
with Uq{h)- 

Let us now derive the first type of the quantum generalized commutation relations in the 
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enveloping algebra, which is valid only if e,. = — e^+i: 

■ ■ ■ i^ri • ■ • ) f s 1 2^1 5 • • ■ ) •^r ) ^r+\i ■ ■ ■ I'^s) Z{€\^ • • • i ^r+l; ; • • • ; | •^l ; • • • ; ^r+\i 

= -^^S-{z^) . . . S-{z.,)X,,{z,) . . .X,„_,(^,_i) (^{z,^,q^^''/')6{zrz;^,q-^^') 
q — q ^ V 

-^Zrq^^'/')6{zrz;^,q^^'^)) X^^^^Zr^^) . ..X,Xz,)S+{z,) . . . StS^s) 



q-q 



_^ 2(^ei, . . . €r, 6r+l • • • ^sl^^l; • • • ; ^r; ^r+lj • • • 



<fo6{z.rZ;^,q-^^')q'^^>r+i^^ n (y 



-%6iZrZ;^,q'^'')q-'^^>^+^''ll 



1 _ ^-2-(.,+e.W2^.^-l^ y 



i>r+l 



g2-(.,+..)fc/2^.^-l _ 1 



'1 -g-2-(^^+^'-W2^,+i2ri _ r 



g2-(ei+er)fc/22;^_^^2;. 



-1 



(5.151) 

where we have used ( p.50|) , (|3.52|) , (|3.56| ), and ( ^.150| ). Above, we have also introduced the 
notation 

) = (5.152) 

with 



= St;{z^)...StA^r-l)StJZr^2)...St{Zs), 
X = X^j^{zi) . . . X^^_j^{Zr-l)X^^^^{Zr+2) ■ ■ ■ X^^Zs) 

where the hat on e means that the symbol e is omitted. 
Using the formal power series 



(5.153) 



(1 _ a(l+e)/2^(l-.)/2) ^^^^ ^n(l-e)/2^n(l+e)/2^ 



J2 {~l)^^=l^^q^'l=l^^zi' . . . zi^z-^^ 
iivjs=o,i 



3^ 



(5.154) 



we can expand the products in (|5.151|) as 
■ 1-9 



i>r+l 



2-{ei+er)k/2 -1 \ ^» 



E E 



q ^i^r + l ^/ jr + 2,-,js=0,lmr + 2>jr + 2,-,ms>js 



(5.155) 



^r+2 ■ ■ ■ 1 



and 



■l_g-2-fe+e.)fc/2^^^^^-l_^' 
^2-(£,+er)fc/2^ 



E E 

Jl,...,jrV-l=0,l mi>jl,...,?nr-l>jV-l 



(5.156) 



r+l 
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Substituting these expansions in ( |5.151| ) and taking into account the formal Laurent expan- 



sions 



Zl, . . . , Zs) rii, . . . , UgjZi 

Z(^€i, . . . €r, 6r+l ■ ■ ■ (^s\Zl, ■ ■ ■ , Zr, ^r+l; ■ • ■ ^s) = 



rir-i — n,.+2 
r-1 



5]] 2(ei, • • • , ir, er+i, . . . , e^|ni, . . . 

n\,...,nr-i,nr+2,---,ns&Z 

(5.157) 

we obtain the first quantum generahzed commutation relation satisfied by the Laurent modes: 



. Z 



^ ^ Vr + 2viis=0,l "lr + 2>ir + 2v,ms>js 



E 



E 



.Z(ei, . . . , ir, Cr+i, . . . , e^lni, . . . , n^-i, n^, ^r+i, '^r+2 + "^r+2, . . . , + mj^'o 



E E 

iivjV-i=0,l mi>ji,...,mr-l>jr 
-nrerk-2j2i^,.+i <:i+X]i<r ''"»(2ei-(ei+er)A;/2)-4eiji 



.Z(ei, . . . ,e;,e4i, . . .,es\ni + mi, . . . ,^^-1 + m^_i, n^, n^+i, • • ■,ns)^o) , = -e^+i. 

(5.158) 

We remark that in the above formula the following relations are meant: 



5. 



if 



'JUr+rir + lfil 
Sn^4-n.^ , 1 n, if 



(5.159) 

The second type of quantum generalized commutation relations in the Zg enveloping algebra 
is derived in the follows: 



(^Zr Zr+lQ '")2(6i, . . . , 6ri ^r+li • • • i ^sj^l; • • • ; ^ri ^r+lj • • • ; ^s) 
{ZrQ ^ Zr~\-l)Z(€i^ ■ ■ ■ j ^^r+l; ^r; • • • ; ^sl^l; • • • ; ^rj ■ ■ ■ j Zg) 

= S-{zi) . . . S-{z,)X,^{zi) . . . X,^_,(z,_i) 

.{{Zr - Zr+iq^''-)X,^{Zr)X,^^^{Zr+l) - (Zr?^''' " Z,+i)X,^^, (2;^+i)X,,. (z^)) 
.X,^^^{Zr+2) ■ ■ ■ X,XZs)St^{zi) . . . StXZs) = 0, tr = 



(5.160) 



Substituting the Laurent expansion (|5.157|) in this relation we obtain this second quantum 
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generalized commutation relation satisfied by the Laurent modes 

-g^''-Z(ei, . . . , e^+i, e,., . . . , e^jni, . . . , n,.-!, 1 + n.^, . . . , n^) 

(5. 161) 

= g2^'-Z(ei, Cr+i, . . . ,es\ni, . . . , rir-i, rir, 1 + rir+i, . . . , n^) 

Although the first quantum generalized commutation relation looks completely different 
from its classical analogue due to the appearance of various sums over the indices ji and rrii 



instead of a single sum over a single index in the classical case |T2|, we have checked that 
in the limit g — > 1 this quantum generalized commutation relation does indeed reduce to its 
classical analogue, which in our notation reads simply as follows: 

= {rirk + 2e^(er+2 + . . . + e^) + erh)Z{ei, . . . , ir, e^+i, . . . , e^jni, . . . , n^-i, n^, n^+i, • 
if rir + Ur+i = 0, = — e^+i, 

if + n^+i > 0, = — e^+i, 

if rir + rir+i < e,. = — e^+i. 

(5.162) 

The classical analogue of the second quantum generalized commutation relation is simpler 
and given by: 

Z(ei, . . . , er, e^+i, . . . , es|ni, . . . , n^, n^+i, . . . , ns) 

(5.16c5) 

6 Conclusions 

In this paper, we have introduced a natural quantum analogue of the Zq algebra with arbi- 
trary level k. In the special cases k = 1 and k = 2 our Zq algebra simplifies considerably and 
reduces to the only presently available results in the literature, which become special cases 
of our general construction. Moreover, as a new example of a 2q-module, that is, with k > 2, 
we provide an explicit construction of the basis for a generalized Verma module. One would 
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like to construct all ^g-modules, and from them all [/g(s/(2))-modules with arbitrary level 
A;, and especially the standard ones. We believe that the two types of quantum generahzed 
commutation relations derived in the last section will be useful for the latter purpose. More- 
over, one would like to diagonalize the off-critical Zk statistical models by the elements of the 
quantum parafermionic algebra, which is obtained from the quotient of the Zq algebra by its 
subalgebra C[Q], in the same way that the off-critical Ising model has been diagonalized by 
the quantum Clifford algebra (the special case k = 2 oi the quantum parafermionic algebra) 
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